Robust control of gene expression in both space and time is of central importance in the regulation of cellular processes, and for multicellular development. However, the mechanisms by which robustness is achieved are generally not identified or well understood. For example, mRNA localization by molecular-motor-driven transport is crucial for cell polarization in numerous contexts, but the regulatory mechanisms that enable this process to take place in the face of noise or significant perturbations are not fully understood. Here we use a combined experimental-theoretical approach to characterize the robustness of gurken/TGF-alpha mRNA localization in Drosophila egg chambers, where the oocyte and 15 surrounding nurse cells are connected in a stereotypic network via intracellular bridges known as ring canals. We construct a mathematical model that encodes simplified descriptions of the range of steps involved in mRNA localization, including production and transport between and within cells until the final destination in the oocyte. Using Bayesian inference, we calibrate this model using quantitative single molecule fluorescence in situ hybridization data. By analyzing both the steady state and dynamic behaviours of the model, we provide estimates for the rates of different steps of the localization process, as well as the extent of directional bias in transport through the ring canals. The model predicts that mRNA synthesis and transport must be tightly balanced to maintain robustness, a prediction which we tested experimentally using an over-expression mutant. Surprisingly, the over-expression mutant fails to display the anticipated degree of overaccumulation of mRNA in the oocyte predicted by the model. Through careful model-based analysis of quantitative data from the over-expression mutant we show evidence of saturation of transport of mRNA through ring canals. We conclude that this saturation engenders robustness of the localization process, in the face of significant variation in the levels of mRNA synthesis.
that the process is ubiquitous and not limited to large cells. 10 However, despite the widespread nature of mRNA localiza-11 tion, there is still much that we do not understand, in partic-12 ular what ensures robustness. To this end, here we combine 13 mathematical modelling with quantitative experimental data 14 to investigate the regulatory mechanisms controlling mRNA 15 localization, capturing, in particular, the roles of transport 16 and production. 17 We concentrate on early development of the model 18 organism Drosophila, where maternal mRNA prepatterns 19 the oocyte [1] [2] [3] . Maternal mRNA is produced in the 15 20 nurse cells neighbouring the oocyte [10]; it is then packaged 21 into complexes with various proteins [11] and transported 22 1 INTRODUCTION through intracellular bridges, known as ring canals, into the In this work, we develop a coarse-grained ordinary dif- the production and transport of mRNA 1 . Using Bayesian 1 inference methods, we fit this simple model to quantitative 2 imaging data obtained using smFISH (single molecule flu-3 orescence in situ hybridization) [15, 16] . Combining quan-4 titative modelling approaches with experimental data in this 5 way allows us to explore underlying biological mechanisms 6 through the generation of testable model predictions with 7 appropriate quantification of uncertainties. In particular, it 8 enables estimation of the mRNA production and transport 9 rates in the model, and predicts that there is a tight reg-10 ulatory balance between production and transport for the 11 localization of gurken in the Drosophila egg chamber. 12 In the process of fitting the model to microscopy imag-13 ing data, we examine the formation of higher-order RNA-14 protein complexes in the oocyte. In the nurse cells, mRNA 15 is assembled into complexes containing both mRNA and 16 various proteins, and these RNA complexes are then trans-17 ported into the ooctye. An important aspect of the trans-18 port process is that the RNA complexes are remodelled (so 19 that more mRNA transcripts are contained in each complex) 20 upon transit through the ring canals that connect the nurse 21 cells to the oocyte [12, 17] , leading to larger complexes in 22 the oocyte [18] . We use quantitative data analysis to provide 23 an estimate of the extent of this assembly of higher-order 24 complexes for gurken.
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In addition, we explore the question of whether trans-26 port of RNA complexes occurs unidirectionally or bidirec-27 tionally through ring canals in the Drosophila egg chamber. 28 Some evidence that transport through ring canals is unidi-29 rectional has previously been provided [17] . However, since 30 ring canals are small relative to the nurse cells, the passage 31 of complexes through them is relatively difficult to observe 32 in vivo. Our study offers further evidence in support of 33 the hypothesis that transport through ring canals is strongly 34 biased towards the oocyte, and provides quantification of this 35 process within a model-based framework. 36 Finally, we use the coarse-grained ODE model to 37 make testable predictions about the behaviour of an over-38 expression mutant with increased production of mRNA. We 39 demonstrate strong agreement between the model predic-40 tions and observed data for nurse cells close to the oocyte, 41 but find discrepancies for nurse cells far from the oocyte. 42 Surprisingly, we find the numbers of complexes localized 43 in the oocyte of the over-expression mutant are very simi-44 lar to wild type, whereas the model predicts numbers should 45 increase significantly. To probe the reasons for this dis-46 parity, we consider a suite of extended models incorporat-47 ing inhomogeneous production, density dependent transport 48 and crowding-induced blocking of transport through ring 49 canals. We show, via statistical techniques that allow quan-50 titative model comparison, that the crowding-induced block-51 ing mechanism is best supported by the data, and that a 52 Confocal imaging of fixed Drosophila oocytes was per-10 formed using an inverted Olympus FV3000 six laser line 11 spectral confocal system fitted with high sensitivity gallium 12 arsenide phosphide (GaAsP detectors) and using a 60x SI 13 1.3 NA lens. For smFISH detection of gurken transcripts, 14 settings were optimized with a pinhole of 1.2 airy units 15 and increasing laser power over the depth of the sample 16 (between 30-50µm from the cover slip) to compensate for 17 signal attenuation. Basic image handling and processing was carried out in FIJI 20 (ImageJ V1.51d; f iji.sc, [33]). Image data was archived in 21 OMERO (V5.3.5) [34]; image conversions were carried out 22 using the BioFormats plugin in FIJI [35] . RNA particles in 23 the nurse cells and oocyte are identified and located using the 24 FISH QUANT software [36] . We combine use of this soft-25 ware with manual segmentation of the nurse cells and oocyte 26 performed in three dimensions using a GUI (graphical user 27 interface) designed for the annotation of training and evalu-28 ation data for machine learning via software available from 29 QBrain [37]. This enables quantification of the total num-30 bers of complexes observed in each cell. Identification of 31 cells within the egg chamber is performed by counting the 32 number of ring canals connecting each cell, and which cells 33 these connect. Data is processed from n = 16 egg cham-34 bers between stage 5 and stage 8 of oogenesis. Since the 35 RNA complexes are sparse in the nurse cells, using counts 36 of particles is a valid method of quantifying the total RNA 37 expression [38]. ure S1). This approach is supported by the results of Jia et al.
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[40], who use log A in a similar way to assist with automatic 7 stage identification for Drosophila egg chambers. The model can be written as
where the i th entry of the vector y is the number of RNA 4 complexes in cell i (indexed as in Figure 1 ). RNA com- (0, 1, . . . , 1) since the oocyte is transcriptionally silent for 10 most of oogenesis [49] . Transport of complexes between 11 cells takes place at constant rate b > 0 in units of hr −1 . The 12 matrix B describes the network of connected nurse cells (so 13 that entry (i, j) is non-zero only when cells i and j are con-14 nected by a ring canal). Transport bias (towards the oocyte) 15 is represented by parameter ν so that complexes in a given 16 nurse cell move towards the oocyte at relative rate 1 − ν and 17 away from it at relative rate ν ( Figure 4 ).The precise form 18 of B is provided in Supplementary Material Section A. Note 19 that a similar approach has been employed by Alsous et al. 20 [26] to show that differences in cell sizes in the Drosophila 21 egg chamber result from the characteristic cell network gen-22 erated through incomplete divisions, and the resulting ring 23 canal connections. As an initial condition, we assume there 24 are no RNA complexes in any of the cells at time t 0 (where 25 t 0 is determined from the linear model described in Section 26 2.5). The system of ODEs is solved numerically using the 27 fourth order Runge-Kutta scheme implementation contained 28 in the Boost C++ library [50].
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Typical behaviour of the model is shown in Figure 2 . 30 Much of the biologically relevant behaviour occurs in the 31 quasi-steady-state regime where we have linear growth in the 32 number of RNA complexes in the oocyte, and a characteristic 33 distribution of RNA complexes across the nurse cells. Typi-34 cal dynamic behaviour for each nurse cell is shown in Figure 35 S3. 36 
Bayesian inference framework 37
We connect the model directly to quantitative experimental 38 data so that it can provide relevant predictions and insight. 39 We use a Bayesian inference framework to take account of 40 both measurement and process uncertainty, incorporating the 41 mechanistic model stated in Equation (1), a model of the 42 measurement process, and prior knowledge of parameters.
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The biological process model (Equation (1)) can be 44 related to the observed data via a measurement model. The 45 measurement model accounts for any errors in processing 46 the data, in addition to raw experimental error. However, 47 we first note that RNA complexes consist of multiple indi-48 vidual mRNA transcripts, and recall that upon entry to the 49 model. We assume that in the oocyte we observe φ y 1 com-6 plexes, where φ ∈ (0, 1] is a scaling parameter. We can 7 interpret φ as a ratio between the number of transcripts per 8 complex in the nurse cells as compared to the oocyte. 9 We use a negative binomial distribution for the measure-10 ment model, so that measured RNA complex counts, z, are 11 given by
where Φ is a diagonal matrix with entries [φ, 1, 1, . . . , 1], σ 13 is a parameter controlling the magnitude of the measurement 14 error, and y is the solution of the biological process model the nurse cells. We calculate the total integrated intensity 10 for 448 foci in n = 13 example datasets for egg chambers 11 from stage 5 to stage 8, including both the nurse cells and 12 oocyte. By subtracting the background intensity, and divid-13 ing by the mean nurse cell intensity, we can obtain an esti-14 mate for φ, as shown in Figure 3 : the median estimate gives 15 φ = 0.345 ± 0.048. Fitting a mixture of Gaussians model to 16 the intensity data reveals how transcripts are packed within 17 RNA complexes via multimodal distributions of intensities 18 (Supplementary Figure S5 ). By measuring total integrated intensity of these complexes in n = 13 egg chambers, we obtain distributions in each region, normalized by subtracting the average background value and scaling to a single nurse cell complex. We find that complexes in the oocyte are equivalent to a median of 2.5 times a single complex in the nurse cells.
We can now use this independent estimate of φ to spec-1 ify a strong prior for φ when fitting the full Bayesian model. We obtain estimates for the rates of production, a, and 4 transport, b, of RNA complexes by applying the modelling 5 approach outlined in Equation (1) and Section 3.2. We con- Figure S6 .
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Using these parameter estimates, we can compare the rel-19 ative contributions of the production and transport terms in 20 Equation (1) to the rate of change in the number of RNA 21 complexes. We have 10.0 ≈ a ≈ b ỹ ≈ 21.4, where a 22 is the complex production rate, b is the transport rate and 23 ỹ = 97 is the median number of gurken RNA complexes 24 at time t considered across all cells of the egg chamber. This 25 result indicates that the RNA complex production rate is of 26 the same order of magnitude as the rate of complex trans-27 port, and therefore suggests that production and transport 28 are tightly balanced. We provide further evidence to sup-29 port this hypothesis by evaluating the sensitivity of the model 30 described in Section 3.1 to changes in the rate parameters a 31 and b (see Supplementary Material Section J). To further validate our results, we explored whether the 35 model can predict the response of the system to a perturba-36 tion in the RNA complex production rate by considering an 37 over-expression mutant with multiple copies of the gurken 38 gene. We make the assumption that the mutant has RNA 39 complex production rate γa, where a is the production rate 40 in wild type, and γ > 1 is a scale factor, but that all other 41 model parameters are unchanged.
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The model specified in Equation (1) predicts that the 43 total number of RNA complexes in an egg chamber should 44 increase at rate 15a in wild type, and 15γa in the over-45 expression mutant. Comparing this prediction with experi-46 mental data, we estimate a median value for γ of 2.23, with 47 a 95% credible interval of [1.38, 3.06] (Supplementary Mate-48 rial Section L). We take the value γ = 2.23 for the remainder 49 of this work. : Results of MCMC sampling for the coarse grained model at steady state to determine the bias in transport through ring canals, as described in Section 3.4. In a), we display a schematic diagram of biased transport between two compartments, with transport from cell 2 to cell 1 at rate 1 − ν, and transport from cell 1 to cell 2 at rate ν. In b), we display a density plot of the marginal posterior distribution for the transport bias parameter ν, compared to the prior for the same parameter which is uniform over [0.0, 0.5]. This shows evidence of strong bias in transport through ring canals. In c), we show the posterior predictive distribution with the raw data shown as red points. The shaded region shows a 95% credible interval of the distribution of predictions from the model. Here the distribution of mRNA across cells in the egg chamber is normalized such that the amount of mRNA in the oocyte is 1. The model provides a good fit to the data, since most of the data points lie within the grey envelope of the 95% credible interval. sampling for the model described in Section 3.2 and sensitivity to model parameters. In a), we display the posterior marginal distribution for the rate parameters a and b. In b), we show the posterior predictive distribution, which gives the predictions from the model with parameters fitted to the data. Each panel gives the prediction for each cell (numbered 1 for the oocyte through 2 to 16 for the nurse cells as in Figure 1 ) as a solid line, with measured experimental particle counts shown as points. A 95% credible interval for the predictions is shown as a shaded region. The blue points are observed data used to train the model, whilst the red points are observed data used to test the model (note that these red points are egg chambers for which only the oocyte and neighbouring nurse cells have been segmented). The subplots are arranged to highlight distance from the oocyte within the network of connections between nurse cells shown in Figure 1c ).
3.9 Model comparison reveals blocking of ring canals as the most plausible mechanism highlight further the phenotypic differences in the distribu-1 tion of mRNA across cells based on distance from the oocyte 2 in Figure S9 . should increase by a factor of γ compared to wild type. 19 However, rather than this predicted increase, we observe the 20 number of RNA complexes in the over-expression mutant 21 oocytes to be similar to that in wild type (Figure 7 ). This to recapitulate data from the over-expression mutant.
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Inhomogeneous production. Previously we assumed equal 34 production rates of RNA complexes across all nurse cells. 35 However, the over-expression of gurken in nurse cells is 36 driven by the GAL4-UAS system, which can result in patchy 37 expression across cells. We now relax the assumption of 38 equal production rates, and estimate the production rates of Table 1 : A description of the collection of models M = {M0, M1, . . . , M7}, together with the weights generated using model comparison (see Section 2.7 for details).
appropriate entries in the matrix B to zero: manual exami-1 nation of the data was used to predict which ring canals are 2 blocked.
3 Density dependent transport. The final hypothesis we consider is that increases in gurken in the over-expression mutant lead to saturation of the transport mechanism. This hypothesis is motivated by observations of a build up of RNA at nuclear pore complexes in the over-expression mutant, suggesting that nuclear export or the ability to form competent mRNA particles for transport may be saturated. Instead of assuming that transport rate between cells is linearly proportional to the number of RNA complexes, we assume a saturating transport rate of the form
where β is a parameter describing the density dependence. anisms (see Table 1 for details). Models including the 8 crowding-induced blocking at ring canals and inhomoge-9 neous production mechanisms can be forward simulated 10 using parameters from the posterior distribution based on 11 wild type data, as in Figure 6 . Models including density 12 dependent transport must be fitted to the wild type data to 13 estimate the parameter β. We use model comparison approaches (Section 2.7) to eval-17 uate the ability of the different models to explain the bio-18 logical observations. Table 1 indicates strong support for 19 the blocking of ring canals as a mechanism to explain the 20 observed over-expression data: Model M1 has a pseudo-21 BMA+ weight close to 1, indicating that of the models 22 Figure S12) , we find 64% (n = 14) 9 of the over-expression mutant egg chambers show evidence 10 of blocking behaviour. The mechanism leading to crowding-11 induced blocking in over-expression mutants may be present 12 also in wild type, but such events occur rarely in wild type 13 due to lower accumulation of RNA complexes within a nurse 14 cell. We have considered generalizations of the simple model 8 (Equation (1)) to incorporate inhomogeneous variance 9 across cells in our observations or a decay term with decay 10 of RNA at rate δ. Details are described in Supplementary 11 Material Sections P and Q. Our conclusions about the block-12 ing mechanism hold also for these more general descrip-13 tions. The simple model is favoured by model comparison 14 when compared to these models, which do not generalize as 15 well to predictions for the over-expression data. Alternative 16 hypotheses to account for the discrepency between model 17 predictions and observations, based on different degradation 18 rates for the different phenotypes, may have some merit, but 19 they are hard to assess within the framework of prediction 20 conditioned on wild type data used to compare the other 21 candidate models (see Supplementary Material Section P). 22
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To further assess the crowding-induced blocking mech-24 anism, we suggest directly measuring transit through ring 25 canals in the wild type and over-expression mutant condi-26 tions. However, this task is nontrivial and would require 27 extended time lapse imaging to track movements of com-28 plexes through representative subsets of all ring canals. 29
30
Finally, we highlight that the conclusions drawn as a 31 result of this combined modelling-experiment study were 32 made possible through use of Bayesian inference approaches 33 that allowed us to interrogate and interpret quantitative 34 data, making full use of the information contained therein. 35 It is important to note also that our conclusions were 36 reached through the use of an incredibly simple, analytically 37 tractable, coarse-grained model, that allowed us to abstract 38 many of the intricate details, and focus on salient mecha-39 nisms. We hope that our work serves as an exemplar for 40 future studies in this area.
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